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Parbati Sahoo∗, Raghavender Reddy †
We have studied the locally rotationally symmetric (LRS) Bianchi type-I cosmological model in
f(R, T ) gravity (R is the Ricci scalar and T is the trace of the stress energy tensor) with Bulk viscous
fluid as matter content. The model is constructed for the linear form f(R, T ) = R + 2f(T ). The
exact solution of field equations is obtained by using a time varying deceleration parameter q for a
suitable choice of the function f(T ). In this work, the bulk viscous pressure p¯ is found to be negative
and energy density ρ is found to be positive. The obtained model is anisotropic, accelerating and
compatible with the results of astronomical observations. Also, some important features of physical
parameters of this model have been discussed.
PACS numbers: 04.50.kd
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I. Introduction
The current understanding of the universe is that it is undergoing a phase of expansion. Based on astronomical
observations and results, it is estimated that the rate of expansion is increasing with time. A few years ago, the high
redshift super-novae experiments [1–5] and cosmic microwave background radiation [6, 7] have provided the necessary
evidence for the accelerated expansion of the universe. It is believed that within the framework of the standard
cosmological model, a most common reason for this expansion is due to an unknown form of energy, called “dark
energy” (DE), which is an exotic matter with negative pressure. However, knowing the real nature of dark energy
has always been a challenge to scientists. According to different estimations, it occupies larger share (73%) of total
energy of the universe, while dark matter constitutes 23%, and usual baryonic matter occupy about 4%. The simplest
candidate for dark energy is the cosmological constant (Λ). Many theories have established a very lucid relationship
between dark energy and expansion of the universe. In order to explain this accelerated expansion of the universe two
different ways are usually chosen. One is by constructing various dark energy candidates like cosmological constant
[8], quintessence [9, 10], phantom energy [11, 12], k-essence [13], tachyon [14], Chaplying gas [15] and cosmological
nuclear energy [16]. The second one is to modify Einstein’s theory of gravitation. Therefore, cosmological models
with many modified theories of gravity have always been close approximations of the real behavior of the universe.
However, the rationale behind these modifications comes from Einstein-Hilbert action to obtain alternative theories
of Einstein’s theory of gravitation. Some relevant alternatives theories are Brans-Dicke(BD) theory, scalar-tensor
theories of gravitation, f(R) gravity [17–19], f(T ) gravity [20, 21], f(G) gravity[22–24], f(R,G) gravity, where R, T
and G are the scalar curvature, the torsion scalar and the Gauss-Bonnet scalar respectively. The recent generalisation
of f(R) gravity by introducing the trace of stress energy momentum tensor has become a most popular theory to
represent the nature of expansion of the universe, known as f(R, T ) gravity proposed by Harko at al. in 2011 [25],
where the matter Lagrangian consists of an arbitrary function of the curvature scalar R and the trace of the energy-
momentum tensor T .
In the wake of late time acceleration and existence of dark energy, various cosmological models have been formulated
using modified theories of gravity. For example, Kaluza-Klein dark energy model and Bianchi Type VIh perfect fluid
cosmological model in the f(R, T ) gravity have been investigated by Sahoo and Mishra [26, 27]. The hydrostatic
equilibrium configuration of neutron stars and strange stars were investigated in f(R, T ) gravity [28]. The dynamics
of magnetized string cosmological model have been discussed by Shri Ram and Chandel [29]. Sahoo et al. studied
axially symmetric cosmological model in f(R, T ) gravity [30]. Moreover, the irregularity factor of self gravitating star
due to imperfect fluid have been studied in f(R, T ) gravity by Yousaf et al [31].
In addition, we have considered the bulk viscous fluid as our matter content. In literature, it plays an important role
in the early evolution of the universe, for example [32, 33]. In modern cosmology, the bulk viscosity is behaving more
precisely, especially at inflationary phase for getting the accelerated expansion of the current universe[34]. It has been
observed that viscosity can cause the qualitative behavior of solutions near the singularity without removing the total
initial big bang singularity [35, 36].
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2In this paper, an exact solution of Einstein’s field equations has been derived through a recent generalization of
Friedmann-Lemaitre-Robertson-Walker (FLRW) metric space-time, called Bianchi type I space-time, which is the
simplest spatially homogeneous and anisotropic flat universe whose spatial sections are flat but the expansion or
contraction rate is directional dependent. Also, the Bianchi type-I universe converges to Kanser universe near the
singularity. Anisotropy of cosmic expansion has become a major concern for recent research community. This is
because of the experimental data and its existence in the early phase which later approached to isotropic one with
the passage of time along the age of the universe. Thus, it would be worthwhile to use Bianchi type-I universe in
cosmological models in the account of anisotropic background. In literature, Bianchi type-I space-time has been used
in various cosmological models for different aspects [37–41].
This work is organized in the following manner; In the second section, the metric and field equations are described
and the solutions of the field equation with the physical and geometric behavior of the models are discussed. Finally,
the third section ends with conclusions of this work.
II. Field Equations and Solutions
By considering the metric dependent Lagrangian density Lm, the respective field equation for f(R, T ) gravity is
formulated from the Hilbert-Einstein variational principle in the following manner:
S =
∫ √−g( 1
16piG
f(R, T ) + Lm
)
d4x (1)
where, Lm is the usual matter Lagrangian density of matter source, f(R, T ) is an arbitrary function of Ricci scalar
R and the trace T of the energy-momentum tensor Tij of the matter source and g is the determinant of the metric
tensor gij . The energy-momentum tensor Tij from Lagrangian matter is defined in the form
Tij = − 2√−g
δ(
√−gLm)
δgij
(2)
and its trace is T = gijTij .
Here, we have assumed that the matter Lagrangian Lm depends only on the metric tensor component gij rather than
its derivatives. Hence, we obtain
Tij = gijLm − ∂Lm
∂gij
(3)
By varying the action S in Eq. (1) with respect to gij , the f(R, T ) gravity field equations are obtained as
F (R, T )Rij − 1
2
f(R, T )gij + (gij−∇i∇j)F (R, T ) = 8piTij −F(R, T )Tij −F(R, T )Θij (4)
where,
Θij = −2Tij + gijLm − 2glm ∂
2Lm
∂gij∂glm
(5)
Here, F (R, T ) = ∂f(R,T )∂R , F(R, T ) = ∂f(R,T )∂T ,  ≡ ∇i∇i where ∇i is the co-variant derivative.
Contracting Eq. (4), we get
F (R, T )R+ 3F (R, T )− 2f(R, T ) = (8pi −F(R, T ))T −F(R, T )Θ (6)
where Θ = gijΘij .
From Eqs (4) and (6), the f(R, T ) gravity field equations takes the form
F (R, T )
(
Rij − 1
3
Rgij
)
+
1
6
f(R, T )gij = 8pi−F(R, T )
(
Tij − 1
3
Tgij
)
−F(R, T )
(
Θij − 1
3
Θgij
)
+∇i∇jF (R, T ) (7)
It is important to note that the physical nature of the matter field is very important for the field equations of f(R, T )
gravity through the tensor θij . So for different choices of matter, one can construct several cosmological models
addressing with a different explicit form of f(R, T ) such as:
• f(R, T ) = R+ 2f(T )
• f(R, T ) = f1(R) + f2(T )
3• f(R, T ) = f1(R) + f2(R)f3(T )
Various cosmological models have been constructed in different choices of f(R, T ) gravity in several aspects [42–46].
Here, we consider the spatially homogeneous LRS Bianchi type-I metric as
ds2 = dt2 − a21dx2 − a22(dy2 + dz2) (8)
where a1, a2 are functions of cosmic time t only.
The energy momentum tensor in matter of bulk viscus fluid is taken as in this form
Tij = (ρ+ p)uiuj − pgij (9)
where ui = (0, 0, 0, 1) is the four velocity vector in co-moving coordinate system satisfying uiuj = 1,
p = p− 3ξH (10)
is the bulk viscous pressure which satisfies the linear equation of state p = γρ, 0 ≤ γ ≤ 1, ξ is the bulk viscous
coefficient, H is Hubble’s parameter, p is pressure and ρ is the energy density.
The trace of energy momentum tensor is given as
T = ρ− 3p (11)
The field equations of f(R, T ) gravity using linear case f(R, T ) = R+ 2f(T ) can be written as
Rij − 1
2
Rgij = 8piTij − 2(Tij + Θij)f ′(T ) + f(T )gij (12)
where f(T ) = αT , α is an arbitrary constant.
The field equations (12) for the metric (8) are obtained as
−2 a¨2
a2
− a˙2
2
a22
= (8pi + 3α)p− αρ (13)
− a¨1
a1
− a¨2
a2
− a˙1a˙2
a1a2
= (8pi + 3α)p− αρ (14)
2
a˙1a˙2
a1a2
+
a˙2
2
a22
= (8pi + 3α)ρ− αp (15)
where dots represent the derivatives with respect to time t.
The deceleration parameter is defined as
q = −aa¨
a˙2
(16)
where a is the average scale factor.
Integrating the above equation we get
a(t) = eδexp
[ ∫
dt∫
(1 + q)dt+ η
]
(17)
where δ and η are integration constants.
Here, we have three field equations involving four unknown parameters as a1, a2, p & ρ. In order to solve these
undetermined system of equations, we assume a time dependent deceleration parameter q proposed by Abdussattar
and Prajapati [47] given as
q = −k1
t2
+ (k2 − 1) (18)
where k1 > 0, k2 > 1 are constants.
As per the observational results [2, 5] the universe exhibits phase transition, that means the transition occurs from the
past decelerating phase to the recent accelerating expansion phase. The physics of this phenomena can be conducted
through a geometrical parameter called as deceleration parameter (q) which describes the acceleration or deceleration
behavior of the universe depending on the negative or positive value. Due to this reason, it has great impacts on
the behavior of the cosmological model in the expansion of the universe. Hence our choice of variable q is physically
4acceptable.
From equation (18) one can observe that the deceleration parameter q → −∞ at t = 0 and it reduces to zero at
t =
√
k1
k2−1 . The period of acceleration depends on k1 and k2 which is an increasing function of time as per the
accelerated phenomenology of the present universe. At large value of t, the model is decelerating for q → β − 1.
Thus, there is a restriction on β as 1 ≤ β ≤ 2. More particular, at β = 1 the universe has an accelerated expansion
throughout the evolution for negative value of q. From Fig-1, it can be seen that the deceleration parameter is
completely negative with large value of k1 and it provides the major evidence for our model is accelerating one.
Using equation (18) in equation (17) and by considering δ = η = 0 for simplicity. we get,
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FIG. 1: q vs. cosmic time t with k1 = 150, k2 = 1.5
a(t) =
(
t2 +
k1
k2
) 1
2k2
(19)
From field equation (12) to (14) we obtain
a1
a2
= c2exp
(∫
c1
a3
dt
)
(20)
Here, the volume V = a3 = a1a
2
2 and c1, c2 are integration constants.
To find the values of the metric potentials a1, a2 we consider a particular case k2 =
3
2 in equation (19), so that
a(t) = (t2 + b2)
1
3 (21)
where b2 = 2k13 . and the mean Hubble parameter is given as
H =
1
3
(H1 + 2H2) =
2t
3
(t2 + b2)−1 (22)
The use of this deceleration parameter in this model is more appropriate as it provides a continuous expansion. It
can be observed through the behavior of scale parameter and mean Hubble parameter given in equation (21) and
(22) as shown in fig-2 and fig-3 respectively. It can be seen that from fig-2, a→∞ at t→∞, while in fig-3, Hubble
parameter is a positive decreasing function with time, at large value of t it approaches to zero.
If we consider k1 = 0 in equation (19) then
a(t) = t
1
k2 (23)
which yields a constant deceleration parameter q = k2 − 1 throughout the universe [48].
From equation (20), we obtain the metric potentials as:
a1 = c
2/3
2
3
√
b2 + t2e
2c1 tan
−1( tb )
3b (24)
a2 =
3
√
b2 + t2e−
c1 tan
−1( tb )
3b
3
√
c2
(25)
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FIG. 2: a vs. cosmic time t with k1 = 150 and k2 = 1.5.
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FIG. 3: H vs. cosmic time t with k1 = 150, k2 = 1.5
By solving the field equations (14) and (15), the values of ρ and p are obtained as:
ρ =
8pit2 − α (b2 − 3t2)− (α+ 2pi)c21
6 (α2 + 6piα+ 8pi2) (b2 + t2)
2 (26)
p = − (3α+ 8pi)b
2 + (α+ 2pi)c21 − αt2
6 (α2 + 6piα+ 8pi2) (b2 + t2)
2 (27)
The values of coefficient of bulk viscosity ξ and the Equation of State(EOS) parameter are
ξ =
b2(8pi − α(γ − 3))− (α+ 2pi)(γ − 1)c21
12 (α2 + 6piα+ 8pi2) t (b2 + t2)
+
t2(3αγ − α+ 8piγ)
12 (α2 + 6piα+ 8pi2) t (b2 + t2)
(28)
ω =
ρ
p
= −8pit
2 − α (b2 − 3t2)− (α+ 2pi)c21
(3α+ 8pi)b2 + (α+ 2pi)c21 − αt2
(29)
From equation 25 to 28, we have observed that the energy density is positive throughout the universe and de-
creases with time and at the late time it approaches to zero i.e ρ → 0 as t → ∞. The behavior of bulk viscous
pressure (p) against cosmic time t revealed that bulk viscous pressure is a negative increasing function starting
off from a large negative value and it is tending to zero with the evolution of time i.e. p → 0 at t → ∞. Recent
observational astronomy has predicted a specified range for the value of equation of state (EOS) parameter (ω),
which is a function of pressure and energy density i.e. ω = ρp , as −1 ≤ ω ≤ 0, in which case the evolution of
the universe is under acceleration. In the simplest case, the cosmological constant(Λ) appears for a particular
value of EOS parameter; ω = −1. Similarly, phantom model and quintessence model also arise in cosmology
when ω ≤ −1 and ω ≥ −1 respectively. Here we have covered a quintessence cosmological model, where the ac-
celerated expansion of the universe was indeed observed. Some other physical parameters of this model are obtained as
Spatial volume(V):
V = a1a
2
2 = (t
2 + b2) (30)
Expansion scalar:
θ = 3H = (2t)(t2 + b2)−1 (31)
Shear scalar:
σ2 =
c21
3 (b2 + t2)
2 (32)
Mean anisotropic parameter:
∆ = 6
σ2
θ2
=
c21
2t2
(33)
In this model, the spatial volume is zero at initial time t = 0 but it will increase along with time. The expansion scalar
6is a decreasing function of time. It starts from the infinite value at the initial epoch of time and then approaches to
zero at a later stage. ∆ is the mean anisotropy parameter of this model given in equation (33). We observe that it is
a decreasing function of time i.e at late time when t→∞,∆→ 0. The dynamics of the mean anisotropic parameter
in our model shows a transition from initial anisotropy to isotropy in the current epoch which is in good agreement
with recent observations.
III. Conclusion
In order to obtain a physically viable cosmological model, it is necessary that it can reproduce the several different
epochs in the present evolution of the universe. From the viewpoint of the fluid description, and the current cosmo-
logical observational data, the energy components of the universe are treated as imperfect fluids due to the presence
of a bulk viscosity in them. Many works are described with viscous fluid to study the evolution of the universe as per
the section-I review. As per the literature, the cosmic bulk viscosity is treated as a viable candidate for providing a
theoretical explanation for early and late time expansion of the universe. Therefore, in this work, we have investigated
an accelerated cosmological model in an anisotropic universe using the linear frame of f(R, T ) gravity theory. A new
class of Bianchi-I bulk viscous model has been observed, where the time varying deceleration parameter plays an
important role to get exact solutions of field equations. Our model also represents expanding and shearing which
approaches to isotropy for large values of t. This is consistent with the behavior of the present universe. Through
our work, we hope to present a better understanding of the evolution of the universe in the Bianchi type-I space time
within the framework of f(R, T ) gravity which may be useful to study the role of bulk viscosity in the expansion and
evolution of the universe.
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